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Enhanced Landau damping of finite amplitude electrostatic waves
in the presence of suprathermal electron tails
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Increased Landau damping of electrostatic waves in the presence of low density suprathermal
electron populations is examined. An electrostatic dispersion analysis is compared directly with
one-dimensional particle-in-cell simulations of the Landau damping rates. An analytic damping rate
formula is presented that is in good agreement with numerical solutions of the dispersion equation
over a range of parameters. © 2005 American Institute of Physics. [DOI: 10.1063/1.1818697]
Landau damping1 is a collisionless process that acts to
damp electrostatic waves in a plasma. In many physical situations such as electron and laser beam propagation in dense
plasmas, hot low-density electron populations can be generated (see, for example, Refs. 2–9). The presence of such
low-density electron distributions can act to increase the
magnitude of the electrostatic wave damping rate. This paper
investigates this effect by examining numerical solutions of
the plasma dispersion equation and comparing the calculated
damping rates to one-dimensional (1D) particle-in-cell (PIC)
simulations.
In addition to the plasma configurations studied here,
enhanced Landau damping of electrostatic plasma waves has
been identified for sinusoidally modulated plasma
densities.10 This situation can arise in strongly driven laser
plasmas. In contrast, the reduction of Landau damping rates
in strongly non-Maxwellian plasmas have been studied for
the case of laser-heated plasmas.11
The total electron velocity distribution function used in
this work is given by the sum of a fractional f “hot” Maxwellian distribution and a “cold” bulk distribution;
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where  j is the susceptibility of each species (i = ion, c
= cold electron, h = hot electron species, respectively), given
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The 1D PIC simulations were carried out using the LSP
code14 with an electrostatic field solver. Both periodic and
bounded simulation conditions were used and the length of
the simulation region was 1 to 100 times the wavelength
under investigation. Typically ⬎200 particles per cell were
used to provide a reasonable representation of the electron
and ion velocity distributions.
The electrostatic wave damping rates are determined
from the dielectric function
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Here, Th and Tc are the hot and cold electron temperatures
and a = m / 2kB, where m is the electron mass and kB is the
Boltzmann constant. The total electron density is the sum of
the hot and cold electron population densities. A sample electron speed distribution function is plotted in Fig. 1 showing
the sum of a 1% Maxwellian distribution at 10 eV added to a
1 eV Maxwellian distribution. We note that other analytic
forms have been used to model a hot electron tail population
including Lorenztian distributions12,13 and “super-Gaussian”
distributions.8

v j is the thermal speed by species,  j = 冑n je2 / m j⑀0, where n j
is the number density of species j and ⑀0 is the permittivity.
(We note that similar kinetic treatments for the case of multiple ion populations can be found in Refs. 15 and 16.) Here,
the complex roots of

⑀共,k兲 = 0

are found numerically or using analytic treatments in the
zero amplitude limit, as given below.
Defining nc = n p共1 − f兲 and nh = n p f, the Debye lengths for
2
the cold and hot electron populations are written as D
2
2
2
= Tc / 4n pe and Dh = Th / 4n p fe , respectively. Neglecting
the contributions from the ion term Eq. (4), the dispersion for
the hot and cold electron species can be written as
Dr共⍀兲 + iDi共⍀兲 = 0,
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where the real and imaginary terms are

12, 014501-1

© 2005 American Institute of Physics

Downloaded 19 May 2007 to 69.255.56.36. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp

014501-2

Phys. Plasmas 12, 014501 (2005)

Rose, Guillory, and Beall

FIG. 1. Sample electron speed distribution function for f = 0.01, Tc = 1 eV,
and Th = 10 eV.
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FIG. 2. Numerical solutions of damping rates for (a) one-electron temperature dispersion relation and (b) two-electron temperature dispersion relation
for f = 0.01, Tc = 1 eV, and Th = 10 eV. The analytic solution for the two
temperature damping rate, Eq. (16), is shown in (c).
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The solution of
Dr共⍀r兲 = 0
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gives the real frequency ⍀r of the wave and the damping rate
is determined from
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The real frequency can be approximated by solving the
equation (containing only two terms for algebraic tractability)
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For the determination of the imaginary frequency, Eq.
(7), we evaluate D / ⍀ at ⍀0. The result is
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Noting that in the limit 12K2B2 Ⰶ 1, ⍀0 ⯝ 冑1 + 3K2B2, the
damping rate can be further approximated as

respectively. Here, ⍀ =  /  p, K = kD, and
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The derivation of this expression is discussed in Ref. 9, but
the final equation is incorrect as written there.
It has been pointed out elsewhere that the finite number
of terms carried in the expansions (including those used
here) can lead to errors in the magnitude of damping rate for
some parameter ranges.17 However, the resulting closed form
solution as presented here provides considerable insight into
the role of the hot electron population on the damping rate as
will be shown below. For finite amplitude oscillations, such
as those treated in the PIC simulations discussed below, we
note that correction terms can be added to the zero amplitude
model (see, for example, Ref. 18).
Equation (16) is compared with the numerical solution
of Eq. (4) in Fig. 2. Equation (16) overestimates the numerical solutions for K ⲏ 0.3, but overall agreement is found over
a range of K for the selected parameters.
As illustrated in Fig. 2, the addition of a small hot electron population significantly increases the damping rates at
smaller K values. We note that similar enhanced damping
rates at small K were found for the specific case of spatially
modulated plasma densities in Ref. 10. For larger hot fractions the enhanced damping effect is even greater, especially
for K ⱗ 0.35. This is illustrated in Fig. 3(c) for Tc = 1 eV,
Th = 10 eV, and f = 0.1. The discrepancy between the numerical solution of Eq. (4) and Eq. (16) for K ⲏ 0.15 is larger than
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Enhanced Landau damping of finite amplitude…

FIG. 5. (Color online). Electron vx distribution function at 0 (solid) and 25
(dashed) plasma periods for the simulation parameters of Fig. 4. The inset
plot details the small amplitude portion of the distribution function.

FIG. 3. Comparison of damping rate magnitudes with 1D PIC simulations
(open circles). The solid lines are numerical solutions to the dispersion
relation, Eq. (4), and the dashed lines are from Eq. (16). (a) f = 0, Th = 0, (b)
f = 0.01, Tc = 1 eV, and Th = 10 eV and (c) f = 0.1, Tc = 1 eV, and Th = 10 eV.

the f = 0.01 case because the parameter 3K2B2 in the expansion of the real part of the dielectric function now exceeds
the limit of being a small parameter.
The PIC simulation results shown in Fig. 3 support the
overall trends of enhanced damping rates to the extent that a
linear damping rate can be obtained. For larger damping rate

magnitudes, the duration of the linear stage is often very
brief, e.g., of order 10 plasma periods or less. For finite amplitude initial plasma oscillations, nonlinear effects dominate
for ⑀ ⬎ ⑀*, where ⑀ = K冑W, W is the dimensionless wave energy density and ⑀* is the initial wave amplitude that denotes
the transition between the linear and nonlinear regimes,19,20
which can be approximated as ⑀ * ⬃ ⍀2i / 冑2. Above this transition value, the asymptotic behavior of the oscillations can
become the more relevant feature. This is illustrated in Fig.
4, which plots the total electrostatic wave energy density
from a PIC simulation as a function of time for K = 0.2, f
= 0.1, and Th / Tc = 10. The linear stage of the damping corresponds to the first ⬃10 oscillations and the linear damping
rate is approximately given by the dashed line in Fig. 4. For
this example, the initial wave energy density W is ⬃0.023,
which is much greater than the transition wave energy amplitude ⯝⍀4i / 2K2 ⬃ 4 ⫻ 10−4.
The electron distribution from this simulation, shown in
Fig. 5, indicates that the damping occurs at the phase velocity ⍀0 / k as expected. For large initial wave amplitudes, the
simulations show the formation of a plateau in the distribution function for velocity magnitudes greater than this phase
velocity, consistent with quasilinear models21 and other finite
amplitude simulations.20,22,23
The enhancement of collisionless Landau damping in the
presence of low density suprathermal electron distributions
has been examined via numerical solutions of the plasma
dispersion function and 1D PIC simulations. A closed-form
solution of the dispersion relation has been developed that
characterizes the electron distribution in terms of f and
Th / Tc. Direct comparisons with numerical solutions of the
dispersion relation show the closed-form solution captures
the correct overall behavior of the damping rate. The 1D PIC
simulations further support the dispersion relation calculations and lend credence to the PIC methodology being applied to more dynamic and complex physical situations involving collisionless plasmas.
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